· Derivatives of the Inverse Trigonometric Functions (3.18)



Proof:

Each of these proofs can be done entirely algebraically, or geometrically.  I’ll show the first one algebraically and geometrically, but the rest will be done only geometrically.  In all problems, x may be either positive or negative, depending on the quadrant of the angle y.  The only exception will be in the arcsecant and arccosecant functions, where x represents the length of the hypotenuse of the triangle, which is why |x| appears in the formulas instead.  I will do these proofs assuming that x is positive.  It should also be noted here that .  Different books use different notations but they mean the same thing.

Case 1: arcsin(x)
Algebraic version:




Let  or by definition, .  Then by the chain rule we have .  Divide by cos(y).  .  The rest of the algebra here is more apparent working backwards that it appears to be motivated working forwards.

Geometric version:

  When we build our triangle using this information, we can find the final side by using the Pythagorean Theorem.
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Case 2: arccos(x)



Let  or by definition, .  Then by the chain rule we have .  Divide by -sin(y).  
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Thus, 		    
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Case 3: arctan(x)




 (
x
)Let  or by definition, .  Then by the chain rule we have .  Divide by .  



 (
y
)Thus, 		         
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Case 4: arccot(x)




 (
x
)Let  or by definition, .  Then by the chain rule we have .  Divide by .  



 (
y
)Thus, 	         
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Case 5: arcsec(x)




Let  or by definition, .  Then by the chain rule we have .  Divide by .  Thus,


 (
1
) (
x = |x|
) (
y
) 	         



Case 6: arccsc(x)




Let  or by definition, .  Then by the chain rule we have .  Divide by .  Thus,



 (
x = |x|
) (
y
) 	         
 (
1
)
Quod erat demonstrandum.
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