Proofs
Rolle’s & Mean Value Theorems


Rolle’s Theorem (4.3)


Let f be continuous on the closed interval [a,b] and differentiable on the open interval (a,b).  If f(a) = f(b), then there is at least one number c in (a,b) ∋ .


Proof: 
Let f(a) = d = f(b).



Case 1: If f(x) =d x ϵ [a,b], then f is constant on the interval, and by theorem (3.2), .


Case 2: Suppose f(x) > d for some x in (a,b).  By the Extreme Value Theorem (4.1), you know that f has a maximum at some c in the interval.  Moreover, because f(c) > d, this maximum does not occur at either endpoint.  So, f has a maximum in the open interval (a,b).  This implies that f(c) is a relative maximum, and by theorem (4.2), c is a critical number of f.  Finally, because f is differentiable at c, you can conclude that .

Case 3: If f(x) < d for some x in (a,b), you can use a similar argument to the one for Case 2, except with a relative minimum.

Quod erat demonstrandum.






Mean Value Theorem (4.4)



If f is continuous on the closed interval [a,b] and differentiable on the open interval (a,b), then  a number c in (a,b) ∋ .


Proof:







The equation of the secant line containing the points (a,f(a)) and (b,f(b)) is .  Let g(x) be the difference between f(x) and y.  Then .  By evaluating g at a and b, you can see that g(a) = 0 = g(b).  Because f is continuous on [a,b], it follows that g is also continuous on [a,b].  Furthermore, because f is differentiable, g is also differentiable, and you can apply Rolle’s Theorem to the function g.  So,  a number in c in (a,b) ∋ , which implies that .  So,  a number c in (a,b) ∋ .

Quod erat demonstrandum.
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