Proofs
Extrema

· Definition of Extrema
Let f be defined on an interval I containing c.

F(c) is the minimum of f on I if f(c) ≤ f(x) x ∈ I.

F(c) is the maximum of f on I if f(c) ≥  f(x) x ∈ I.
The minimum and maximum of a function on an interval are the extreme values or extrema (sing. extremum) of the function on the interval.  The minimum or maximum of a function on an interval are also called the absolute maximum and the absolute minimum on the interval.

· Extreme Value Theorem (4.1)
If f is continuous on a closed interval [a,b], then f has both a minimum and a maximum on the interval.

The proof of this theorem is left to an advanced calculus course.

· Definition of Relative Extrema
If there is an open interval containing c on which f(c) is a maximum, then f(c) is called a relative maximum of f, or you can say that f has a relative maximum at (c,f(c)).
If there is an open interval containing c on which f(c) is a minimum, then f(c) is called a relative minimum of f, or you can say that f has a relative minimum at (c,f(c)).
The plurals are relative maxima and relative minima.

· Definition of a Critical Number

Let f be defined at c.  If  or if f is not differentiable at c, then c is a critical number of f.

· Relative Extrema Occur Only at Critical Numbers (4.2)
If f has a relative minimum or relative maximum at x = c, then c is a critical number of f.

Proof: 
Case 1: f is not differentiable at x = c.
If f is not differentiable at x = c, then by definition, x is a critical number of f, and the theorem is valid.
Case 2: f is differentiable at x = c.










If f is differentiable at x = c, then  must be positive, negative, or 0.  Suppose  is positive, then  which implies that  ∃ an interval (a,b) containing c ∋  x≠c in (a,b).  Because the quotient is positive, the signs of the numerator and denominator must agree.  Thus the following inequalities hold for x values in the interval (a,b): on the left side of c:  which implies that f(c) is not a relative minimum; on the right side of c:  implies that f(c) is not a relative maximum.  So the assumption that >0 contradicts the hypothesis that f(c) is a relative extremum.  Assuming < 0 produces a similar contradiction.  This leaves us with a single remaining possibility is that =0.  Thus the theorem is valid.

Quod erat demonstrandum.
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