Proofs
First & Second Derivative Tests


Increasing & Decreasing Functions (4.5)

Let f be a function that is continuous on the closed interval [a,b] and differentiable on the open interval (a,b). 
1. 
If f’(x) > 0 x in (a,b), then f is increasing on [a,b].
2. 
If f’(x) < 0  x in (a,b), then f is decreasing on [a,b].
3. 
If f’(x) = 0  x in (a,b), then f is constant on [a,b].

Proof:


Case 1: assume that f’(x) > 0 x ϵ (a,b), and let x1 < x2 be any two points in the interval.  By the Mean Value Theorem (4.4), we know that ∃ a number c ∋ x1 < c < x2, and Because f’(c) > 0 and x2 – x1 > 0, you know that f(x2) – f(x1) > 0, which implies that f(x1) < f(x2).  So, f is increasing on the interval.

Case 2: is done similarly to the above, with a change of sign in the slope, implying that f(x2) < f(x1).





Case 3: if f’(x) = 0 x in (a,b), then for some c between x1 and x2,  = 0  c in the interval, which implies that f(x2) – f(x1) = 0, which means that f(x2) = f(x1) x in (a,b).

Quod erat demonstrandum.


The First Derivative Test (4.6)

Let c be a critical number of a function f that is continuous on an open interval I containing c.  If f is differentiable on the interval, except possibly at c, then f(c) can be classified as follows:
1. If f’(x) changes from negative to positive at c, then f has a relative minimum at (c,f(c)).
2. If f’(x) changes from positive to negative at c, the f has a relative maximum at (c,f(c)).
3. If f’(x) is positive on both sides of c, or negative on both sides of c, then f(c) is neither a relative maximum nor a relative minimum.

Proof:


Case 1: Assume that f’(x) changes from negative to positive at c.  Then ∃ a and b in I ∋ f’(x) < 0 c in (a,c) and f’(x) > 0 x in (c,b).  By theorem (4.5), f is decreasing on [a,c] and increasing on [c,b].  So, f(c) is a minimum on the open interval (a,b) and consequently, a relative minimum of f.

Case 2: proved similarly to the above.
Case 3: If f’(x) is positive on both sides of c, then it is increasing on the entire interval [a,b], and if it is negative on both sides of c, then it is decreasing on the entire interval [a,b], and in either case it is neither a relative maximum nor a relative minimum.

Quod erat demonstrandum.


Definition of Concavity

Let f be differentiable on an open interval I.  The graph of f is concave upward on I if f’ is increasing on the interval, and concave downward on I if f’ is decreasing on the interval.


Test for Concavity (4.7)

Let f be a function whose second derivative exists on an open interval I.
1. 
If f’’(x) > 0 x in I, then the graph of f is concave upward on I.
2. 
If f’’(x) < 0  x in I, then the graph of f is concave downward on I.


Note: Concavity is only defined for graphs for which f’’(x) ≠ 0 for some x in I.



Definition of an Inflection Point

Let f we a function that is continuous on an open interval and let c be a point in the interval.  If the graph of f has a tangent line at this point (c,f(c)), then this point is a point of inflection of the graph of f if the concavity of f changes from upward to downward (or downward to upward) at the point.



Points of Inflection (4.8)

If (c,f(c)) is a point of inflection of f, then either f’’(c) = 0 or f’’ does not exist at x = c.






Second Derivative Test (4.9)

Let f be a function ∋ f’(c) = 0 and the second derivative of f exist on an open interval containing c.
1. If f’’(c) > 0, then f(c) is a relative minimum
2. If f’’(c) < 0, then f(c) is a relative maximum.
If f’’(c) = 0, the test fails.  That is, f may have a relative maximum, a relative minimum, or neither.  In such cases, you can use the first derivative test.

Proof: 


Case 1: If f’(c) = 0, and f’’(c) > 0, then ∃ an open interval I containing c for which  x ≠ c in I.  If x < c, then x – c < 0 and f’(x) < 0.  If x > c, then x – c > 0 and f’(x) > 0.  So f’(x) changes from negative to positive at c, and the First Derivative Test implies that f(c) is a relative minimum.  

Case 2: A proof of the second case is similar.



Quod erat demonstrandum.

image2.wmf
21

21

()()

()

fxfx

fc

xx

-

¢

=

-


oleObject5.bin

oleObject6.bin

oleObject7.bin

oleObject8.bin

oleObject9.bin

oleObject10.bin

oleObject11.bin

oleObject12.bin

oleObject13.bin

image3.wmf
'()'()'()

0

fxfcfx

xcxc

-

=>

--


oleObject14.bin

oleObject15.bin

image1.wmf
"


oleObject1.bin

oleObject2.bin

oleObject3.bin

oleObject4.bin

