Proofs
5.1 Proof of the Antiderivative

Theorem: If F is an antiderivative of f on an interval I, then G is an antiderivative of f on the interval I if and only if F is of the form G(x) = F(x) + C, for all x in I, where C is a constant.

Direction 1:
Suppose that G(x) = F(x) + C, and that F’(x) = f(x), and that C is a constant.  If so, then:


G’(x) = , thus
G’(x) = f(x).

Direction 2:
Assume that G(x) is an antiderivative of f.  Define H so that, H(x) = G(x) – F(x).



If we further suppose that H(x) is not a constant on I, then  a and b, where a < b, in the interval  H(a) ≠ H(b). 



Because we assumed that F and G were differentiable, so is H on (a,b), we can then apply the Mean Value Theorem.  We conclude, therefore, that  some c on (a,b) 




a) Because we assumed that H(a) ≠ H(b), H(b)-H(a) ≠ 0, thus, H’(c) ≠ 0.
b) Because both G and F were assumed to be antiderivatives of f, and since
H’(c) = G’(c) – F’(c), this implies that f(c) – f(c) = 0, which contradicts our assumption that H’(c) ≠ 0.

Because of this, we must conclude that H’(c) does equal 0 for all x in (a,b).  Consequently, H(x) must be a constant, C.  So, H(x) = G(x) – F(x) = C, or moving things around, G(x) = F(x) + C.

QED
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