Proofs

5.2 Proof of 

Consider the sequence of sums generated as we increase the value of n:





, , , , …
Or as just the values in the sequence: 1, 3, 6, 10, 15, 21, 28, 36,…

We first need to find a formula.  Although, one is given to us here, we are not always going to have one available, so it’s good to see where it came from.  Sometimes you will have to try out several formulas to see if it works until you get one that seems to.  The more complicated the formula, the harder this will be by inspection.

What if we considered a multiple (x2) of the sequence?  2, 6, 12, 20, 30, 42, 56, 72,…  2= 12+1,
=22+2, 12=32+3, 20=42+4, etc.  Our formula for this sequence appears to be n2+n or n(n+1) if we factor it.  

If we suspect that the formula is quadratic, as it is in this case, we can also use systems of equations to find our formula using three points from the sequence in the form (n,Σ).  If you do that, however, be sure that you verify the equation you obtain by testing another point or more.  Suppose we use (1,1), (2,3) and (3,6).  Our system of equations would be derived from the quadratic formula ax2 + bx + c = y: a + b + c=1, 4a + 2b + c = 3 and 9a + 3b + c = 6.  As it turns out the solutions are a = 1/2, b = 1/2 and c = 0.  This also simplifies to the formula above.

Once we’ve obtained the formula, we must prove it by mathematical induction.
a) 

Prove for a starting value.  , and .
b) 


Assume true for n, prove for n+1.
Assume , then 





Thus, n+1 fits the formula, and it will do so for every n.

QED
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