Math 153 Proofs
10.17 Polar Equations of Conics


Theorem: The graph of a polar equation of the form  is a conic, where e>0 is the eccentricity and |d| is the distance between the focus at the pole and its corresponding directrix.


Proof: 

We show the following proofs for  with d>0.  (This parabola opens to the left.)  


Consider a vertical directrix d units to the right of the focus F=(0,0) (for simplicity).  If P=(r,θ) is a point on the graph of , this stance between the directrix and P can be shown to be .


Because the distance between P and the pole is simply PF = |r|, the ratio of PF to PQ is  since e is positive.  Then by theorem (shown but not proved below), the graph of the equation must be a conic. 

The other cases are similar. 

Quod erat demonstrandum.



10.16 Classification of Conics By Eccentricity

Theorem: Let F be a fixed point (focus) and D be a fixed point (directrix) in the plane.  Let P be another point in the plane and let e (eccentricity) be the ratio of the distance between P and F to the distance between P and D.  The collection of all points P with a given eccentricity is a conic.

1. The conic is an ellipse if 0<e<1.
2. The conic is a parabola if e=1.
3. The conic is hyperbola is e>1.


I leave this one unproved.
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