Math 153 Proofs
9.12 Direct Comparison Test

Theorem: Let  for all n.  Then:


If  converges, then  converges;


If  diverges, then  diverges.

Proof: 
For the convergence case:





Let  and let .  Because all the terms of both series are positive, the sequence  is non-decreasing and bounded above by L.  ∴ it must converge.  Because , it follows that  converges.  

For the divergence case:






Let  diverge and let .  Because all the terms of both series are positive, and , the sequence  is non-decreasing and unbounded.  ∴ it must diverge.  Because , it follows that  diverges.


Note:  while the theorem, as stated requires all the terms of  and  be positive, but a finite number of terms can be negative, and the theorem will still work, as long as it is true for some n.


Quod erat demonstrandum.


9.13 Limit Comparison Test




Theorem: Let   and  where L is finite and positive. Then the two series and   converges or diverges together.

Proof: 
Convergence:





Because  and , ∃ N>0 ∋  for n≥N.  This implies that .  Therefore, by the direct comparison test proved above, the convergence of .


Divergence:





Because  and , ∃ N>0 ∋  for n≥N.  This implies that .  Therefore, by the direct comparison test proved above, the divergence of .

It can be easily shown that the order of division doesn’t matter.


Quod erat demonstrandum.
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