Math 153 Proofs
9.14 Alternating Series Test




Theorem: Let .  The alternating series  and  converge if the following two conditions are met:
1. 

 and 2. .

Proof: 













Consider the alternating series .  For this series, the partial sum  has all non-negative terms, and ∴  is a non-decreasing sequence.  However, we can also write .  This tells us that  for all n.  This tells us that  is a bounded, non-decreasing sequence that converges to some value L.  Since  and  you have that .  Since both  and  converge to the same limit, it follows that  also converges to L.  Thus converges.


The version of the alternating series  can be modified to skip the first term, and the proof follows the same steps from there.


The second condition   for some sufficiently large, but finite, N, since the exclusion of a finite number of terms does not affect convergence or divergence.


Quod erat demonstrandum.


9.15 Alternating Series Remainder






Theorem: If a convergent alternating series satisfies the condition  then the absolute value of the remainder  involved in approximating the sum  by  is less than (or equal to) the first neglected term, .  In other words: .

Proof: 



Consider the alternating series .  Deleting the first N terms leaves us with the series .  This series, like the original one, satisfies the conditions of the Alternating Series Test (above), and has a sum of .





.  Thus .  ∴ .


Quod erat demonstrandum.
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