Math 153 Proofs
9.17 Ratio Test


Theorem: Let  be a series with non-zero terms.
1. 

 converges absolutely if 
2. 


 diverges if  or .
3. 
The ratio test is inconclusive is .

Proof: 



For property one, we assume that  and we choose R ∋ .  By the definition of the limit of a sequence, ∃ some N>0 ∋  ∀ n > N.  ∴ you can write the following:





The geometric series  converges, and so by the Direct Comparison Test, the series  also converges. This in turn implies that the series  converges, because discarding a finite number of terms does not affect convergence of the series.  The series converges absolutely.


Property two is proved similarly by comparison with a geometric series with R>1.  This should be clear because the ratio says that the terms are getting bigger, and thus not converging to zero.





To see property three, we just need two series, one that converges and one that diverges, but whose ratio converges to one.  For these example consider any pair of p-series, where 0<p≤1 in one case, and p>1 in the other.  For instance  diverges, but  converges, but  and .

This theorem works best with sequences that converge rapidly: exponential or factorials are typically involved.

Quod erat demonstrandum.




9.18 Root Test


Theorem: Let  be a series.
4. 

 converges absolutely if 
5. 


 diverges if  or .
6. 
The ratio test is inconclusive is .

Proof: 






The convergence and divergence properties of this theorem are proved similarly to the Ratio Test. Suppose that , then.  If R<1 this will converge to 0  by direct comparison to the geometric series, and if R>1, the series will diverge by the nth-term test.  As with the ratio test, any pair of p-series, where 0<p≤1 in one case, and p>1 in the other.  For instance  diverges, but  converges, but  and .



Quod erat demonstrandum.
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