Math 153 Proofs
9.6 Convergence of a Geometric Series


Theorem: A geometric series with ratio r diverges if |r| ≥ 1.  If 0<|r|<1, then the series converges to the sum .

Proof: 
It’s easy to see that the series diverges for r=±1 since the sum is equal to ±n, and so as n goes to infinity, so does the sum.



In the case where r≠±1, then the finite sum (the sum of n terms, i.e. to n-1 powers) is .  If I multiply this equation by r, we get .  If we subtract the two, all the middle terms cancel, only the first and last remain.











Factor out  to get . And if we divide by (1-r), we get .  From this form it is clear to see that if ,  as n goes to infinity, and so the sum diverges.  If, however, 0<|r|<1, then  as n goes to infinity.  Thus .

Quod erat demonstrandum.
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