Math 266, Exam #3, Summer 2010	Name _______________________________________________
Instructions: Show all work.  On proofs, clearly explain your reasoning.  Unexplained leaps of logic, even if correct, will be treated as if it is false.  On take home quizzes, all work must be your own; you may not work together.
1. What is the coefficient of x8y9 in the expansion of (3x+2y)17?  (5 points)






2. 
What is the row of Pascal’s triangle containing the binomial coefficients ?  
(6 points)

1   9    36   84   126   84  36   9   1




3. How many ways are there to distribute six indistinguishable balls into nine distinguishable bins? (5 points)





4. How many strings with nine characters can be formed from the letters in EVERGREEN? (5 points)









5. In bridge, the 52 cards of a standard deck are dealt to four players.  How many different ways are there to deal bridge hands to four players? (6 points)







6. State the pigeonhole principle.  Explain how the pigeonhole principle can be used to show that among any 11 integers, at least two much have the same last digit. (5 points)

There are 10 possible final digits an objects 1-10 take up one object in each box, leaving one (11) left over. This means that that object must end up in one the boxes (same final digit as another #), making one box have at least two objects.



7. Explain how to prove Pascal’s Identity using a combinatorial argument. (8 points)






Answers may vary but the structure of an argument is all that is necessary here, involving combinations.  A good place to begin is with . The coefficients of  can be obtained in the multiplication. For instance: .  For the highest degree terms there is only one way to obtain them, either  or   but for middle terms, they can be obtained from multiplying lower degree terms.  Using two as the base case, it can be shown inductively that .  


8. a. What is the probability that a five-card poker hand contains exactly one ace? (5 points)



b. What is the probability that a five-card poker hand contains at least one ace? (5 points)



9. Suppose that 100 people enter a contest and that different winners are selected at random for first, second and third prizes.  What is the probability that Michelle wins one of these prizes if she is one of the contestants? (5 points)




10. 

Suppose that E and F are events such that p(E) = 0.8 and p(F) = 0.6.  Show that  and . (8 points)




If E & F are mutually exclusive, then .  This is not a possible probability value since it is larger than 1.  Therefore, the intersection must be large enough to make this a possible value.  Therefore, .   Likewise, the union of two events must be at least as largest as the largest of the two sets (even if F is a subset of E), therefore .  



11. Assume that the year has 366 days and all birthdays are equally likely. (4 points each)
a. What is the probability that two people chosen at random were born on the same day of the week?
1/7

b. What is the probability that in a group of n people chosen at random, there are at least two born on the same day of the week?

, for n>7, by the pidgeonhole principle, the probability will be exactly 1.
c. How many people chosen at random are needed to make the probability greater than ½ that there are at least two people born on the same day of the week?
4


12. What is the expected sum of the numbers that appear when three fair dice are rolled? (5 points)
10.5


13. 
Determine whether the relation R on the set of all real numbers is reflexive, symmetric, antisymmetric, and/or transitive, where (x,y) R if and only if:
 (2 points each)
a. x + y = 0
This set is not reflexive, since only (0,0) is in the set, and not (1,1), etc.  This set is symmetric, since (1,-1),(-1,1), etc. are in the set.  It is therefore not antisymmetric because more symmetric points are available than just (0,0).  The set is not transitive.
b. 

This set is reflexive, since (1,1), etc. all exist.  The set is symmetric since (1,-1) and (-1,1) both exist.  This set is not antisymmetric, since more points than (0,0) are symmetric.  And it is apparently transitive, since (1,-1) and (-1,1) and (1,1) form a transitive set that is repeated for all such elements.
c. x – y is a rational number
This set is reflexive since (1,1) and other such elements are all in the set.  The set is symmetric since subtraction does not affect rationality.  The set is not antisymmetric since points like (a,a) are not the only symmetric points.  The set is transitive for the same reason as part b.
d. x = 2y
The set is not reflexive since the only reflexive point is (0,0).  The set is not symmetric since while (2,1) is in the set, (1,2) is not. The set is antisymmetric since (0,0) is the only symmetric point.  The set is not transitive since (2,1) and (4,2) are not combined with (4,1).
e. 

The set is reflexive since (a,a) will be greater (or =) than 0 regardless of the value of a.  The set is symmetric, since the order of multiplication doesn’t matter.  The set is not antisymmetric, since there are more than (a,a) points which are symmetric.  The set is transitive, since points like (1,2) and (2,3) are in the set, and this implies that (1,3) is also in the set.
f. xy = 0
This set is not reflexive, since only (0,0) is in the set.  This set is symmetric since (0,a) and (a,0) are both in the set.  The set is not antisymmetric since (0,0) is not the only symmetric point.  And the set is not transitive since since (a,0) and (0,b) are both in the set, but (a,b) are not the set.
g. x = 1
This set is not reflexive, since the only reflexive point is (1,1).  This set is not symmetric and is antisymmetric because (1,1) is the only symmetric point.  This set is not transitive since though a point  like (1,a) is in the set, there is not point (a,b) for the transitive rule to apply.
h. x = 1 or y = 1
This set is not reflexive, since the only reflexive point is (1,1). The set is symmetric (and not antisymmetric) since (1,3) and (3,1) are both in the set.  The set is not transitive since (1,4) and (4,1) are both in the set, but (4,4) is not (both (1,1) and (4,4) must be for the set to be transitive).
14. 
Let R be the relation on he set of ordered pairs of positive integers such that ((a,b), (c,d)) R if and only if ad=bc.  Show that R is an equivalence relation. (6 points)
To prove the equivalence relation, show that the set is reflexive, symmetric and transitive.  For instance, ((a,a),(a,a)) is in the set since a2=a2.  And it’s symmetric since ba=ab, etc.
15. Which of these collections of subsets are partitions on set of bit strings of length 8? (2 points each)
a. The set of bit strings that begin with 1, the set of bit strings that begin with 00, and the set of bit strings that begin with 01.
partition

b. The set of bit strings that contain the string 00, the set of bit strings that contain 01, and the set of bit strings that contain the string 10, and the set of bit string that contain that string 11.
Not a partition

c. The set of bit strings that end with 00, the set of bit strings that end with 01, the set of bit strings that end with 10, the set of bit strings that end with 11.
partition

d. The set of bit strings that end with 111, the set of bit string that with 011, and the set of bit strings that end with 00.
partition

e. The set of bit strings that have 3k ones, where k is a nonnegative integer; the set of bit strings that contain 3k+1 ones, where k is a nonnegative integer; and the set of bit strings that contain 3k+2 ones, where k is a nonnegative integer.
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