Math 266, Final Exam, Summer 2010	Name _______________________________________________
Instructions: Show all work.  On proofs, clearly explain your reasoning.  Unexplained leaps of logic, even if correct, will be treated as if it is false.  
1. What is the coefficient of x8y9 in the expansion of (3x+2y)17?  (5 points)





2. 
What is the row of Pascal’s triangle containing the binomial coefficients ?  
(6 points)

1  11   55    165     330     462   462    330    165    55    11   1




3. In bridge, the 52 cards of a standard deck are dealt to four players.  How many different ways are there to deal bridge hands to four players? (6 points)







4. a. What is the probability that a five-card poker hand contains exactly one ace? (5 points)




b. What is the probability that a five-card poker hand contains at least one ace? (5 points)




5. 

Suppose that E and F are events such that p(E) = 0.8 and p(F) = 0.6.  Show that  and . (8 points)




If E & F are mutually exclusive, then .  This is not a possible probability value since it is larger than 1.  Therefore, the intersection must be large enough to make this a possible value.  Therefore, .   Likewise, the union of two events must be at least as largest as the largest of the two sets (even if F is a subset of E), therefore .  







6. Assume that the year has 366 days and all birthdays are equally likely. (4 points each)
a. What is the probability that two people chosen at random were born on the same day of the week?
1/7
b. What is the probability that in a group of n people chosen at random, there are at least two born on the same day of the week?

, for n>7, by the pidgeonhole principle, the probability will be exactly 1.
c. How many people chosen at random are needed to make the probability greater than ½ that there are at least two people born on the same day of the week?
4
7. 
Determine whether the relation R on the set of all real numbers is reflexive, symmetric, antisymmetric, and/or transitive, where (x,y) R if and only if:
 (2 points each)
a. x + y = 0
This set is not reflexive, since only (0,0) is in the set, and not (1,1), etc.  This set is symmetric, since (1,-1),(-1,1), etc. are in the set.  It is therefore not antisymmetric because more symmetric points are available than just (0,0).  The set is not transitive.
b. 

This set is reflexive, since (1,1), etc. all exist.  The set is symmetric since (1,-1) and (-1,1) both exist.  This set is not antisymmetric, since more points than (0,0) are symmetric.  And it is apparently transitive, since (1,-1) and (-1,1) and (1,1) form a transitive set that is repeated for all such elements.
c. x – y is a rational number
This set is reflexive since (1,1) and other such elements are all in the set.  The set is symmetric since subtraction does not affect rationality.  The set is not antisymmetric since points like (a,a) are not the only symmetric points.  The set is transitive for the same reason as part b.
d. x = 2y
The set is not reflexive since the only reflexive point is (0,0).  The set is not symmetric since while (2,1) is in the set, (1,2) is not. The set is antisymmetric since (0,0) is the only symmetric point.  The set is not transitive since (2,1) and (4,2) are not combined with (4,1).

8. Which of these collections of subsets are partitions on set of bit strings of length 8? (3 points each)
a. The set of bit strings that begin with 1, the set of bit strings that begin with 00, and the set of bit strings that begin with 01.
partition



b. The set of bit strings that contain the string 00, the set of bit strings that contain 01, and the set of bit strings that contain the string 10, and the set of bit string that contain that string 11.

Not a partition


9. Use a table to express the values of each of these Boolean functions. (5 points each)
a. 

	x

	y
	z
	yz
	x+yz

	1

	1
	1
	1
	1

	1

	1
	0
	0
	1

	1

	0
	1
	0
	1

	1

	0
	0
	0
	1

	0

	1
	1
	1
	1

	0

	1
	0
	0
	0

	0

	0
	1
	0
	0

	0

	0
	0
	0
	0



b. 

	x

	y
	z
	

	

	

	


	1

	1
	1
	1
	1
	1
	1

	1

	1
	0
	0
	1
	1
	1

	1

	0
	1
	0
	1
	1
	1

	1

	0
	0
	0
	1
	1
	1

	0

	1
	1
	1
	1
	1
	0

	0

	1
	0
	0
	1
	1
	0

	0

	0
	1
	0
	1
	1
	0

	0

	0
	0
	0
	1
	1
	0




10. Find the sum of products expansion of the Boolean function F(x,y,z) that equals 1 if and only if
(3 points each)
a. x = 0


b. xyz = 0



c. x + y = 0






11. Write the output of this circuit. (8 points)
[image: ]








12. 
Construct a truth table for the proposition  (6 points)
	


	

	

	

	

	

	


	T

	T
	T
	F
	T
	T
	T

	T

	T
	F
	F
	T
	T
	T

	T

	F
	T
	F
	F
	T
	F

	T

	F
	F
	F
	F
	T
	F

	F

	T
	T
	T
	T
	T
	T

	F

	T
	F
	T
	T
	F
	F

	F

	F
	T
	T
	T
	T
	T

	F

	F
	F
	T
	T
	F
	F




13. Translate in two ways each of these statements into logical expressions using predicates, quantifiers, and logical connectives.  Let the domain consist of all people. (2 points each)
a. Somebody has seen a foreign movie.


Answers will vary, examples include: 

b. Everyone is your friend and is perfect.

Answers will vary, examples include: 

c. Not everybody is your friend, or someone is not perfect.

Answers will vary, examples include: 
Many more can be found with various applications of DeMorgan’s Laws


14. Express each of these statements using mathematical and logical operators, predicates, and quantifiers, where the domain consists of all integers. (4 points each)
a. The difference of two positive integers is not necessarily positive.




b. The sum of the square of two integers in greater than or equal to the square of their sum.






15. Prove that there are no solutions in integers x and y to the equations 2x2 + 5y2 = 14. (10 points)



This proof can be done exhaustively, or if we solve for y, we have .  This will only be a real number if .  The only possible integer solutions for a real value of y are x=0,1,2.  Testing these in the equation, we have possible y values of .  None of which are themselves integers.








16. Translate each of these quantifications into English and determine its truth value. (3 points each)
a. 

There exists at least one x in R so that x3 = -1; True

b. 

There exists an x in Z so that x2 = 2; False




17. 
Find  (6 points)
15,150


18. 
Let P(n) be the statement that  where n is a positive integer.  Prove by mathematical induction. (10 points)
1


Assume P(k) true, then P(k+1) is true.




If it’s true for k=1, and also true for k+1, then it’s true for 2, and if true for 2, then for 3, and if for 3, then for 4 and so on… forever.







19. How many strings are there of lowercase letters of length four or less? (8 points)

475,254 (assuming no string of length 0)



20. Thirteen people on a softball team show up for a game. (4 points each)
a. How many ways are there to choose 10 players to take the field?

286



b. How many ways are there to assign the 10 positions by selecting players from the 13 people who show up?
1,037,836,800




c. Of the 13 people who show up, three are women.  How many ways are there to choose 10 players to take the field if at least one of those players must be a woman?

285
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